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Abstract

The laminar natural convection from an isothermal horizontal cylinder confined between vertical walls, at low
Rayleigh numbers, is investigated by theoretical, experimental and numerical methods. The height of the walls is
kept constant, however, their distance is changed to study its effect on the rate of the heat transfer. Results are
incorporated into a single equation which gives the Nusselt number as a function of the ratio of the wall distance to
cylinder diameter, 7/D, and the Rayleigh number. There is an optimum distance between the walls for which heat
transfer is maximum. © 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

One of the objectives of the investigation about
natural convection in the recent years has been to
explore the applications of the electric cooling. Natural
convection from different geometries are studied and
techniques are developed to enhance the rate of heat
transfer.

One of the geometries which has received consider-
able attention has been an isothermal horizontal cylin-
der confined between vertical walls.

Marsters [1] was the first to address this problem
systematically, using both experimental and analytical
methods. His experimental results cover a vast range
of Rayleigh numbers. He studied the effects of changes
in the height and spacing of the walls, on the Nusselt
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number. He did not observe any optimum wall spacing
for the maximum Nusselt number.

The second investigation was the numerical work of
Gucceri and Farouk [2]. They used the finite difference
method to solve the energy and momentum equations
in the stream vorticity form. They observed a mixed
heat transfer behavior from the cylinder, regarding the
effects of the wall spacing, depending on the values of
the Rayleigh number.

Pfeil and Sparrow [3] studied the problem exper-
imentally. They generated fifteen sets of data by chan-
ging the wall height and spacing. They observed that
the rate of heat transfer from the cylinder increased
with reduction in the distance between the walls. This
effect was more noticeable for the smaller Rayleigh
numbers. They did not observe any optimum wall
spacing, though.

Karim et al. [4] studied the problem, experimentally,
and presented a correlation for the Nusselt number.
They did not observe any optimum wall spacing,
either.

Sadeghipour and Kazemzadeh [5] investigated the
transient natural convection from a confined isother-
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Nomenclature

A heat transfer area of cylinder

Cp  drag coefficient for cylinder

Cp,  thermal capacitance

C, coefficient in momentum equation

Ci modified C; coefficient

C, coeflicient in energy equation

Cs modified C, coefficient

Cs coefficient of dissipation loss in energy
equation

D diameter of cylinder

f friction factor

F radiation shape factor

g acceleration due to gravity

Grp (= gBAT,D?/v?), Grashof number

H height of adiabatic walls

h heat transfer coefficient

k thermal conductivity of air

L length of cylinder

m mass flow rate

Nu  Nusselt number

Nu  modified Nusselt number

p pressure

Pr Prandtl number

0 total rate of heat transfer from cylinder

Qcony rate of heat transfer from the cylinder by
convection

Rap  Rayleigh number
Rep  Reynolds number

t wall spacing
T temperature
u” (=a/D), reference velocity

u, v components of fluid velocity

x, y space variables measured from inlet to the
wall region (nondimensionalized with respect
to H and t)

x',y’ space variables measured from center of
cylinder (nondimensionalized with respect to
D)

Greek symbols

p volumetric expansion coefficient

g emissivity

n modified wall spacing to cylinder diameter
ratio

1% kinematic viscosity

p density

o Stephan—Boltzman constant

T shear stress on the wall

Subscripts

1 inlet condition

2 outlet condition

00 ambient

w wall condition

S surface of cylinder

Superscripts

" dimensionless quantities, with respect to H
and ¢

~ dimensionless quantities, with respect to D

*

reference velocity

mal cylinder, numerically. They solved their problem
for one Rayleigh number (Ra = 1000), and pre-
sented the variation of Nusselt number with time.
They observed an optimum wall distance to cylinder
diameter ratio for the maximum heat transfer.

Finally, Ma et al. [6] studied the effects of vari-
ation in the vertical location of the cylinder on its
rate of heat transfer, numerically. They too,
observed mixed behavior.

In this paper, we are presenting the results of
our theoretical, numerical and experimental investi-
gations of the steady state natural convection from
an isothermal cylinder confined between two adia-
batic vertical walls, for low Rayleigh numbers
(Ra = 650—-1000). The height of the walls is kept
constant (H/D = 7), and the effects of the changes
in the wall spacing on the rate of heat transfer are
determined.

The limiting cases of 7/D—1 and t/D—oo are

addressed in the analytical section. Then, sets of the
numerical and experimental data are generated for the
rate of heat transfer for different values of #/D and
Ra.

Results are incorporated into a single correlation
which gives the variation of Nu with /D and Ra for
H/D=1.

2. Problem description

The problem under investigation is heat transfer
from horizontal isothermal cylinder confined between
two vertical adiabatic walls. Fig. 1 shows the geometry
and the configuration of the problem. Problem is
assumed to be two-dimensional, with no variation of
the conditions along the cylinder. The parameters
which are kept constant during the investigation are
the cylinder’s diameter, D, the height of the walls, H,
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and the vertical location of the cylinder. The variable
quantities have been the distance between the walls, ¢,
and the cylinder’s surface temperature, 7.

3. Analytical solution

In this investigation, the Marsters [1] integral
method was used to develop an analytical solution for
the heat transfer behavior of the confined cylinder for
the two extremes of {/D—1 and t/D—o0. Then the
idea of intersection of asymptotes was utilized to show
the existence of an optimum spacing for maximum
rate of heat transfer. This technique has been put for-
ward and has been successfully used for both natural
and forced convection by Bejan [7-10] and used by
others [11].

The governing continuity, momentum and energy
equations are written first. For continuity of the flow
between the inlet and outlet Section 1 and Section 2,
we have;

12
pruit = J pauz dy
/2

-t

and by changing the variable y as;

H,

H,

p=2
t

the continuity equation is written as;

—1/2

patr A Q)

m=put = t[
Jip2

The momentum equation, a balance between the buoy-
ancy force, the chimney effects and the friction forces
on the confining walls and on the cylinder, with the
momentum changes, is written as;

H
1
(P1r —p2)t — J Tdx — CDEplufD
0

H (t/2 0
- gplj J —dydx
0 J—i2 P1

12
= | o @y =i @)
12

On the other hand, the inlet and outlet pressures can
be written as;

1
P =poo = 3P0 3)
P2 =Poo — pi1gH )

2 (Outlet)

1 (Inlet)

Fig. 1. Configuration of the problem and the coordinate systems (H, = 3D, H, = 4D).
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Introducing Eqgs. (3) and (4) and changing the vari-

able x as X = x/H, Eq. (2) can be written as;

gH J‘Jl/z 0 .. (1 1 D)
| L dpdi |- (= +=Cp—
le( 0J-1/2 P i’ 272"

®)

(62)

(6b)

H (' 1(3) d& 2 poui
LT
tJo pru —1/2 P1Uj
Defining p as;
p = p(1 — BAT)
where
AT=T—- Ty
In Eq. (5), the momentum equation can finally be writ-
ten as
Grp Hr[m AT .. . 1( D)
— = dxdy— |14+ Cp—
Reé D 0 ,1/2ATS Y 2 DI
H . 12 2 X
__J %dxzj 28 1) g
t Jo pruj 172 \ P14
where
D
Rep = 2
v
AT, D?
GI'D = gﬁ 25
v

The energy equation expresses a balance between the
heat transfer from the cylinder and changes in the flow
energy between the inlet and the outlet. This equation

is, then, written as;

) 12 12
Q = ICPJ | 2p2u2T2 d)’} — leJ 2p1u1 T, d);
-1/

(12 st 1/2 i
+§J quzdy_zj pruy dy

—12 -12
1/2 12

+glJ Pala X2 dﬁ—gtj pu1x dp
—12 —12

Since x, — x| = H, Eq. (7) can be rearranged as;

T <B>_ ¢ Jl/z paely 1Y g
PrRep\ 't )] AT, _ip\punTh Y
[ (2 g
2CPATS —-1,2 p,u? CpATs

where;

0 = nDhAT

™)

®)

and
Nu = hD/k

Two extreme cases are considered for this problem
which are t/D—1 and ¢t/D— o0. Now, we will simplify
the governing equations for these two cases.
a — The limit t/D— o0
As the distance between confining walls is increased,
their effect on the rate of heat transfer from the
cylinder vanishes, gradually. For ¢/D— o0 the sol-
ution of this problem should eventually approach
that of heat transfer from a single cylinder with no
confining walls.
In this case, neglecting the inertia, the buoyancy
force should balance the friction force on the cylin-
der,

Gp H 1 D
LI 9
'R D72 "1 ©
where
L2 AT
c :” AL 45 az
T BYY.VE

Choosing the proper value for Cp [12], Eq. (9) can
be arranged as;

2 1]5(0)(0)
Grp = C Rep ; I (10)

The Nusselt number for a single isothermal cylinder
is given as [13];

Nu = 0.85Ra"'38 (11)

By neglecting the kinetic and potential energy
effects in the energy equation (8), the Nusselt num-
ber may be obtained as;

Ty
AT,

!
Nu = BReDPr C, (12)

The Nusselt number in Eq. (12) should approach
a constant value for the limit 1/ D— oo. For this, we
should have;

—1 -
(L) o (L) o
Reo = (D> Goprr AT, (D) ] (13)

where
1/2
prur T A
C = J ( — l) dy (14a)
i \prnTh
T
C} = CPr—- (14b)

AT,



M.S. Sadeghipour, Y.P. Razi|Int. J. Heat Mass Transfer 44 (2001) 367-374 371

Substituting Rep from Eq. (13) into Eq. (10) gives;

2742 (t\ (D
Ra = Pr Grp = PVW (5) (ﬁ) (15)

Substituting for Ra in Eq. (11) from Eq. (15), it
becomes;

1.027 1

Nu = . (16)
70.188 7 0.329 0.517 7 £710-188
TR (5)7(5)
where
’ Cl
1= Pr 17

Eq. (17) shows that, for the limiting case of
t/D—oo, the Nusselt number is inversely pro-
portional to (1/D)*"7. Therefore, the larger the
value of ¢/D, the lower will be the Nusselt number.

b — The limit t/D—1
In this limit, if the confining walls are tall enough,
neglecting the inertia, again, the buoyancy force
will balance the friction force of the walls, there-
fore, we have;

Grp H H(' 2
oz 1z—J -ff’”zdx (18)
Reg D tJo2pu;
Let
24
= 19
S Rex (19)

After rearranging Eq. (18) we have;
2
t C
Rep~ — ) — 2
€D GVD<D) 4C; (20)

where

1 2
C3:J PLaz
0 P1Uj

Substituting for Rep in the energy equation (8)
from Eq. (20) we have

. CiCy T t 3
Nu = T ATsRaD<B> (21)

What is obvious from Eq. (21) is the high depen-
dence of the Nusselt number on #/D. Nusselt num-
ber increases as the wall spacing increases. Eq. (21)
is very much similar to what is given by Bejan et al.
[10].

3.1. The optimum wall distance

Looking at the results obtained for the two cases ‘a’
and ‘b’, Egs. (16) and (21), we observe that for case
‘a’, Nu decreases as t/D increases. However, for the
case ‘b’, Nu increases with ¢/D. Therefore, the results
for these two limiting cases intersect at a point where
the rate of heat transfer from the cylinder is maxi-
mum.

Then a relation for the optimum ¢/D could be
obtained as;

(t) [ 4108\
D opt C{.lxg C£.329

0.285
X —1 ﬂ —1 (22)
Pr()‘()4(H/D)0A05 T1 Ra()‘285

Eq. (22) shows that the (¢#/D),, decreases as Ra
increases. This probably was the reason why in some
of the investigations at high Rayleigh numbers no opti-
mum wall spacing was observed [1-4].

The interesting observation is the independent
appearance of the Prandtl number in Eq. (22).

4. Numerical solution

4.1. The governing equations

The governing equations for free convection heat
transfer from the cylinder of Fig. 1, in the form of
differential equations, are given as

ou v
0x + ay (232)

A LU A (23b)

0z "oy T oy

_on _oni 0p

Uu—s Ve = —— +PrV2L7+B07~“ (230)
0x ay 0x

_aT _aT -

i— +V— =V’T (23d)
0x ay

where the Boussinesq approximation is used for the
buoyancy term in the vertical component of the
momentum equation, and the dimensionless par-
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ameters are defined as;

~_ D x5 T—Ty _gﬁ(Ts_Too)D3
j=Lto, T=——2X, po=SRL T =)
pur? T — T o2
v _ x' _ ¥y u _
Pr=— X = — = — = — = —
T p’ T YT VT
4.2. The boundary conditions
(a) Inlet
. 0 =
ax
(b) Outlet
. dm 9T
= == T== 0 25
v ax  0x 25)
(¢) Confining wall
_ 9T
i=v= 8—~ =0 26
ay
(d) Symmetry line
_ oa T
gz 0T @7
vy
(e) On the cylinder
i=v=0 (28)
T=1 (29)

Problem was solved for different wall distance to cylin-
der diameter ratios (¢/D = 1.5, 2, 3 and 6) and for
different Rayleigh numbers (Ra = 649, 767, 842, 910
and 1000), but, for one wall height to cylinder diam-
eter ratio (H/D = 7), using the CosMos finite element
computer code.

Table 1 shows a comparison between the reported
Nusselt numbers [5] and those calculated in the present

Table 1
Numerically calculated Nusselt number for H/D =717,
Ra =1000 and t/D = 1.5, 3 and 6

t/D Nu

Present investigation Reported values [5]

1.5 3.7 3.4
3 39 3.9
6 3.5 3.4

investigation, for Ra = 1000. Agreement of the results
is reasonable.

The number of nodes and elements used for each
case are as given in Table 2.

5. Experimental solution

To verify validity of the numerical results, the same
problem was also considered, experimentally.

Sets of data were generated for Ra~x 650, 768, 843
and 910 and for the ratios /D = 1.5, 3, 6, 8, 12 and
oo. The H/D ratio was kept constant, equal to 7.

5.1. Experimental setup and measurements

The experimental setup includes a single aluminum
cylinder tube with 400 mm length and 6 and 5.5 mm
external and internal diameters, respectively. This tube
was heated, from inside, by a small electrical resistance
element. Both ends of the cylinder were kept insulated
by end caps. This helped in keeping the temperature
uniform along the cylinder.

This cylinder was mounted on a frame made from
Plexiglas. The confining walls were made from wood,
covered with aluminum foil.

Temperature sensors LM35, with 0.5°C precision,
were used to measure the cylinder’s surface tempera-
ture, the wall temperature and the ambient tempera-
ture. The cylinder’s surface temperature was controlled
and kept constant at specified values by measuring the
temperatures at three different axial locations and
averaging the measured values. The surface tempera-

Table 2
The number of nodes and elements used in each case

t/D 15 2 3 6

Number of nodes 2009 1479 3144 1971
Number of elements 1846 1357 2890 1875
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ture measuring positions were in the middle and at
two different points, 180 mm away, to the left and to
the right of the middle point.

Heat generated in the cylinder dissipated from its
surface either by convection or by radiation. Neglect-
ing the end losses, we can write;

Qelec = Qconv + Qrad (30)

where Qcony and Qg are heat transfer from the surface
of the cylinder by convection and radiation, respect-
ively.

Qconv = hA(Ts - Too) (31)

and after some manipulation it can be shown that [14],

Ona = Asa| (T = T4) = 2H(T%, — T4))| (32)
Therefore, the Nusselt number is defined as
Nu= hTD

Quee — nDLeo| (TH = T4,) = 2F(T — T4,) |

(33)

where F is the radiation shape factor [13].

Values of the Nusselt number, calculated by using
the experimental results are presented in Table 3.
Results in the last row of the Table 3, for ¢/D = oo, is
in a good agreement with values predicted by Eq. (11)
[13], with maximum deviation of 5%.

6. Results and discussion

Sets of numerical and experimental data are gener-
ated and the Nusselt number is calculated for different
wall spacing to cylinder diameter ratios and for differ-
ent Rayleigh numbers. The wall height to cylinder di-
ameter ratio is kept constant at H/D = 7. Some of the
Nusselt numbers are presented in Tables 1 and 3. The

Table 3
The Nusselt numbers calculated using the experimental data

t/D  Ra=649.8 Ra=7677 Ra=84277 Ra=910
1.5 2.44 291 3.12 3.63
3 3.08 3.42 3.67 4.15
6 3.05 3.25 3.51 3.85
8 3.03 3.16 3.45 3.66
12 2.94 3.04 3.27 332
00 2.87 2.96 3.02 3.08

Nusselt numbers are consistent with the reported
values in the literature.

Results of the analytical investigation are used as a
guideline for developing a general equation which
gives the variation of the Nusselt number with ¢/D and
Ra for the constant value of H/D.

The equation which fits the data well, is given as

Vi — %(1 _ e—1236x1074P3) 4 (75 (34)
where

Nu = Rgg:ss (35
and

7= %Ra%” (35b)

For the limits of t/D—1 and t/D—toco, Eq. (34) is
simplified as

Nuz Rap(1/ D)} (36)
and
Nqua%188 (37)

respectively, which are very similar to what was con-
cluded from the analytical solution, Egs. (21) and (11).

Eq. (34) is presented in Fig. 2, graphically, along
with the experimental and numerical data. Agreement
between the calculated and the predicted Nusselt num-
bers is good.

1 420 T M T T T T T
° m Numerical result
@ Experimental result
1108 —— Equation (34)
& .
3
o
&£ 1.00F 4
3
z
0.90- i
080 1 i 1 1 I 1 n 1 L
2.0 4.0 6.0 8.0 10.0 12.0
(UD*Ra%%) 05

Fig. 2. A comparison between the Nusselt number predicted
by the correlation (34) and the values obtained from the nu-
merical and/or experimental data.
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7. Conclusion

Effects of adiabatic confining walls on the free con-
vection from a horizontal isothermal cylinder are stu-
died analytically, experimentally and numerically. For
the low Rayleigh numbers considered, an optimum
wall to wall spacing was obtained for the maximum
rate of heat transfer from the cylinder.

The analytical solution which is for the limits of
t/D—1 and t/D—oo are used as a guideline to in-
corporate the experimental and numerical results into
a single correlation for the average Nusselt number.
This correlation gives the variation of the Nusselt
number with the Rayleigh number and wall to wall
spacing to cylinder diameter ratio. The height of the
walls is kept constant. The Nusselt numbers pre-
dicted from the correlation agree well with those cal-
culated from the numerical and/or the experimental
results.
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